Conventional measures of the risk of a financial asset make use of the unobserved (conditional) variance or standard deviation of its return. In this paper, we treat the observed absolute return as a measure of risk and explore its forecastability. Two simple models are considered. One is a new AR-like model which is applied to the absolute return. The other is an ARCH-like model called Asymmetric Power ARCH. The forecastability is evaluated with the average log-likelihood of absolute return, instead of that of return itself. While the absolute return is interpreted as "volatility", some quantities of its entire distribution, such as the 95-th quantiles, can be interpreted as "volatility of volatility". We apply both models to three stock indices, namely Hang Seng Index, Nikkei 225 Index and Standard and Poors 500 Index. The new model by and large outperforms the ARCH-like model in both in-sample goodness of fit and post-sample forecastability. It performs exceptionally well in the post-sample period after the outbreak of the Asian financial crisis.
INTRODUCTION
Conventional measures of the risk 1 of a financial asset make use of the unobserved (conditional) variance or the standard deviation of its return. This can be due to the overwhelming mean-variance analysis in the study of investment. Further, the standard deviation enters directly in the celebrated Black-Scholes model, used by both practitioners and academics.
In this paper, we treat the observed absolute return as a measure of risk and explore its forecastability. Modelling the absolute return can be traced back to Taylor (1986) . See Sections 3.6 and 3.7 of the book. Point forecastability of absolute return, in terms of high autocorrelations of different lags, is well documented in Taylor (1986) (Chapter 2), Kariya, Tsukuda and Maru (1990) , Cao and Tsay (1992) , Ding, Engle and Granger (1993) , and Granger and Ding (1995) . For different stock prices, the autocorrelations of absolute returns are higher than those of squared returns, which are unsurprisingly higher than those of returns. This stylized fact is a property of the so-called
Taylor effect.
2
Simple arguments (see the beginning of the next section) show that the absolute return and the conditional standard deviation have an intricate relation to each other, in a class of scale models. This is also the case for squared return and conditional variance, though estimating models of the squared returns may be too sensitive to extreme values.
The observability of absolute return permits an autoregression-like (AR-like) model, as suggested in Sin and Granger (1999) . Along the lines in that paper, we apply this model not only to the mean/median but also to a number of expectiles/quantiles. This model is readily estimated with asymmetric least squares (ALS), first suggested in Aigner, Amemiya and Poirier (1976) in the context of estimating production frontiers. ALS is an alternative to the usual asymmetric least absolute deviation (ALAD) first suggested in 1 Throughout the paper, we use risk and volatility interchangeably. 2 Taylor effect states that the absolute return has the highest autocorrelations among all of its power transformation. See Section 4 in Granger and Ding (1995) . Koenker and Bassett (1978) in the context of robust estimation. Further details can be found in the next section.
For comparison, we also consider a conventional autoregressive conditional heteroskedasticity-like (ARCH-like) model called Asymmetric Power ARCH (A-PARCH), first suggested in Ding et al. (1993) . More precisely, A-PARCH is a wide class of models for the power transformations of the conditional standard deviation. As with the wellknown related models such as GARCH and EGARCH, latent variables (namely, the lagged standard deviations) are involved and the standard deviation responses asymmetrically to the positive and negative "shocks". The former is for parsimony while the latter captures the leverage effect suggested in the finance literature. As claimed in Appendix A of that paper, this model is general enough to unify seven ARCH-like models in the literature. See also a recent survey of ARCH models in Bollerslev, Engle and Nelson (1994) .
In this paper, the forecastability of absolute return is evaluated with the average log-likelihood. For the AR-like model, the log-likelihoods are computed with a whole bunch of expectiles/quantiles (of the absolute returns). For the ARCH-like model, we follow a somewhat congenital approach and first estimate the conditional standard deviation (of the return). The log-likelihoods are then computed with the assumption on the normalized (normalized by the conditional standard deviation) absolute return.
Contrast to criteria such as mean squared errors or mean absolute errors (of point forecasts), the log-likelihoods consider the entire density instead of focusing on the mean or the median of the distribution. Interpreting the absolute return as a measure of risk or volatility, information in its entire density potentially addresses the issue of "volatility of volatility", which is raised by practitioners in financial markets.
We applied both models to the daily absolute return of the three stock indices:
Hang Seng Index, Nikkei 225 Index and Standard and Poors 500 Index. The paper is organized as follows. We start with a brief discussion on the two models. Detailed discussion can be found in Sin and Granger (1999) and Ding et al. (1993) . The section after next contains the data description and the estimation results. Section 4 contains a comparison of the two models, both in-sample and post-samples. The last section concludes.
A BRIEF DISCUSSION ON THE METHODOLOGY
Throughout the paper, daily return, for trading day t, is defined as:
where p t is one of the three stock price indices. The absolute return is simply |r t |. This contrasts to those used in Cao and Tsay (1992) in which they used the excess absolute return (the return minus the risk-free rate). Moreover, while they used monthly return, we used daily return and thus it is safe for us to assume a zero unconditional mean. To focus our attention to absolute return, we also do not subtract the conditional mean from it, which is modelled as a moving average process in Ding et al. (1993) . Interpreting the absolute return itself as a measure of risk, we may not need to bother the conditional mean.
Ignoring the location (such as the conditional mean) and consider a scale model for the return:
where σ t-1 is realized in period (t-1) and η t is realized in period (t). 3 In the ARCH literature, it is often assumed that η t is i.i.d., σ t-1 is strictly positive with probability one.
and σ t-1 is interpreted as the conditional standard deviation. Rewrite the above equation as: |r t | = σ t-1 |η t |, it is easy to see that he absolute return follows another scale model in which it is simply a product of the conditional standard deviation and an i.i.d random variable |η t |.
The ARCH-like model below exploits this fact.
Modelling Expectiles/Quantiles of the Absolute Return: an AR-Like Model
This new model takes the "semi-parametric" approach in which the conditional density of the absolute return is estimated via a number of expectiles/quantiles. The expectiles are modelled as a linear function of the lags of the absolute return. More precisely, for ω∈(0,1), the 100ω-th conditional (on the information set I t-1 ) expectile of the absolute return is modelled as:
This is a model very close to that first suggested in Sin and Granger (1999) , in which they modelled the expectiles of growth rate or return rate rather than absolute return. Note for each ω, we can always define the "error" u t (ω) ≡ |r t | -τ t-1 (ω). Here, we make no attempt to impose some explicit and implausible assumptions, such as zero conditional mean, homoskedasticity, or conditional normality, on {u t (ω)}. The is the major difference of this AR-like model from the usual AR model.
The expectiles are estimated with asymmetric least squares (ALS). 4 That is, the parameter φ ω ≡ [φ ω0 , φ ω1 , ..., φ ωp ] T is estimated by minimizing:
where τ t-1 (ω) is defined above, and
ALS resembles ordinary least squares (OLS) with a squared loss function except that different weights are assigned to positive and negative residuals. For ω = 1/2, it reduces to OLS. These estimators were first discussed and used by Aigner et al. (1976) .
While they estimated production frontiers under a particular setting in that paper, Newey and Powell (1987) used these estimators to test for heteroskedasticity and asymmetry.
Exploiting the computational simplicity of ALS, Efron (1991) suggested estimating a number of quantiles by counting the proportion of in-sample observations (of the absolute return in our case) lying below the expectile curves. This is based on the fact that, for each 100ω-th expectile {τ t-1 (ω)}, there is a corresponding 100α-th quantile {Q t-1 (α)}, though ω is typically not equal to α. Yao and Tong (1996) gave the theoretical justification. See also Section 3 of Sin and Granger (1999) . Based on the quantiles, the densities can be estimated and be compared with those derived from other models. See Section 6 in Sin and Granger (1999) .
It is noteworthy that the distribution under which expectiles equal quantiles (that is, ω equals α in the previous paragraph) is very extreme and in that case, the asymptotic theory of the expectiles breaks down. (Koenker, 1992) . Fortunately, it is not the case in our empirical examples. On the other hand, Yao and Tong (1996) showed that there is a one-to-one mapping from expectiles to quantiles: It suffices to assume a location-scale model. It remains to see if it is preferable to estimate quantiles directly with asymmetric least absolute deviation (ALAD). Theoretical discussion on this issue can be found in Portnoy and Koenker (1997) and Ellis (1998) . Nevertheless, it should be reminded that with either estimation method, smoothing is required when the log-likelihood is compared with that of another model such as the following one.
Asymmetric Power ARCH Model: an ARCH-Like Model
For comparison, we consider a special case of A-PARCH developed in Ding et al. (1993) in which the return is modelled as:
where E[η t |I t-1 ] = 0 and σ t-1 = α 0 + α 1 (|r t-1 | -γ 1 r t-1 ) + β 1 σ t-2 , which is assumed to be strictly positive.
First of all, the notation here deviates from that in Ding et al. (1993) as the conditional standard deviation is denoted as σ t-1 , which signifies that it realizes in period (t-1). On the other hand, while the return there follows a moving average process, here we assume zero conditional mean. Also, we focus on the case that the exponent (δ in their notation) is 1 and a simple model of A-PARCH (1,1) is considered. This A-PARCH(1,1), which models the conditional standard deviation, is a variant of the huge class of ARCH models.
Moreover, |η t | is assumed to be i.i.d. exponential with parameter λ. As a result, the absolute return is conditionally exponentially distributed.
5 Given the fact that E(|η t |) = 1/λ and var(|η t |) = 1/λ 2 (See, for instance, p.133 in Hogg and Craig, 1995) , It is easy to verify that the conditional mean and the conditional variance of the absolute return are:
E(|r t ||I t-1 ) = σ t-1 /λ and var(|r t ||I t-1 ) = σ t-1 2 /λ 2 .
Thus, the conditional mean equals the conditional standard deviation. A conventional quasi maximum likelihood (QML) assuming normality is used to estimate the parameter in σ t-1 while an estimate of λ is simply the reciprocal of the (in-sample) average
Model Comparison with Average Log-likelihoods
For the ARCH-like model, we assume |r t | = σ t-1 |η t | where |η t | is i.i.d. exponential with parameter λ. It is easy to verify (with p.133 and Section 4.3 of Hogg and Craig, 1995) that for each (in-sample or post-sample) observation t, the log-likelihood can be estimated as:
For the AR-like model, the estimation is more involved. 7 First recall that for each 100ω-th expectile we estimate (in this paper, we try 101 different expectiles), there is an estimate of the 100 ) ( ω α -quantile, by counting the proportion of in-sample observations lying below the expectile curves. Denote the qunatile as { )) (
Therefore, for each (in-sample or post-sample) observation t, we can fit a smooth function and its derivative of )) (
with, say, a cubic spline smoother. Note by the definition of a quantile, the inverse of the corresponding function is the distribution while the inverse of the derivative is the density. As a result, for each pair of ω and t, we have an estimate of the density, denoted as ω −1 t ĝ . Thus for each (in-sample or post-sample) observation t, the log-likelihood is estimated by:
where |r t | lies between the 100ω1-th expectile (the 100 α (ω1)-th quantile) and the 100ω2-th expectile (the 100 α (ω2)-th quantile).
DATA DESCRIPTION AND ESTIMATION RESULTS

Data Description
All daily data of the three stock price indices, Hang Seng Index (HSI), Nikkei 225 Index (NIKKEI) and Standard and Poors 500 Index (S&P), are retrieved from The entire sample start from 1988 such that the 1987 world stock crisis is not included. The post-sample is further divided by the Asian financial crisis, which is believed to start in some Asian economies as early as May of 1997. The absolute return is defined without considering the day-of-week effect, as that in the previous section. The summary statistics and the time plots, where it is expressed in percentage points, are depicted in Table 1 and Figures 1 to 3 respectively. 7 A detailed discussion can be found in Section 6 of Sin and Granger (1999) . In all markets and all samples, as expected, the skewness is positive. It is rather stable across time and across market except for HSI, which in-sample skewness is almost double of that in the post-sample periods. This huge in-sample skewness and kurtosis (larger than 70) may due to several or two extreme values. The maximum in that period is 21%. It is unclear if these extreme values affects our empirical results though.
Moreover, while in in-samples, the sample means are very close to the sample standard deviations. It is not the case for the post-samples, especially the post-crisis postsample of HSI.
In line with the findings in the ARCH literature, all the time plots in Figures 1 to 3 suggest high autocorrelation among the absolute returns. Casual observation on the figures may suggest contemporaneous correlation between HSI and S&P, in all three periods; while in the post-crisis period, all three markets seem to be correlated.
Estimation Results
To minimize the size of this section, only the estimates of the 50th expectile (that is, the mean with ω = 1/2) out of 101 expectiles, as well as the estimates from the ARCHlike model, are reported. In both estimates, the autocorrelation-heteroskedasticityinsensitive standard errors are computed (see Newey and West, 1987) we use 10 lags. This is based on a preliminary estimation on one of the series. As one can see from the empirical results, some of the coefficients are not significant. Redundant parameter should not be an issue as we have a huge sample size of over 1700
observations. For HSI, some of the coefficients are negative: that of the 6-th lag is marginally significant (using 1.96 as the critical value) and that of the 8-th lag is marginally insignificant. Fortunately, none of the estimated expectiles for any observation is negative.
The estimate α is typically greater than 0.50, which suggests that the conditional mean is larger than the conditional median. This is consistent with the positive skewness of the conditional density.
For the ARCH-like model, all the estimates in the standard deviations are highly significant (once again, we apply the critical value 1.96). All the signs are expected.
Moreover, the estimate λ is typically greater than 1. Recall that the conditional variance equals σ t-1 2 /λ 2 (see Section 2). This suggests that the conditional variance is smaller than that of the return.
correspond, roughly, to the 25-th, 50-th and 75-th quantiles. Counting the in-sample observations (see the previous section), we obtain the following mappings: The in-sample and post-sample quantiles are computed with the coefficients of the corresponding estimated expectiles. Figures 1-3 . Further, the lower quantiles are in general less "volatile" than the upper quantiles. This is because in estimating the lower expectile, a larger weight is taken by the observations below the expectile curve, which are bounded below by zero and thus less variable. In contrast, the variation of different quantiles in the ARCH-like model solely depends on the variation of the conditional standard deviation.
FORECASTABILITY IN TERMS OF LOG-LIKELIHOODS
In this section, we compare the in-sample goodness of fit and the post-sample forecastability. For each in-sample and post-sample observation, we compute the conditional densities and the log-likelihoods of the two models with the methods described in Section 2. Figures 7-9 depict examples of the conditional densities, each of which is arbitrarily selected from the middle of each in-sample or post-sample. Needless to say, the smooth ones are those from the ARCH-like model. Table 3 reports the average loglikelihoods, with the estimated standard errors in brackets. Further, we perform a classical z-test of zero-mean of the difference in the log-likelihoods. To take into account the plausible heteroskedasticity and autocorrelation (of the difference in the log-likelihoods), we also compute the non-nested likelihood ratio (LR) test first proposed in Vuong (1989) and modified in Appendix IV of Sin and Granger (1999) -3.859* -3.128* * indicates significance using the critical value ±1.65, which is the 5% critical value of a one-tailed z-test or a one-tailed non-nested likelihood ratio test under the usual assumptions and estimation procedure.
For comparison of log-likelihoods, about 5% of each sample are deleted. This is because we estimate the 100ω-th expectiles with ω equal to 0.001, 0.011, ..., 0.501, 0.511, ..., 0.981, 0.991. In result, the two tails are not estimated and the conditional densities at the tails are not interpolated with the spline smoother. The average log-likelihoods of the ARCH-like model before deletion are more or less the same though.
Comparing Table 3 with Table 1 (summary statistics of In Tables 4 and 5 , we investigate the models in further detail. First, by definition, quantile minimizes the expected asymmetric least absolute deviation (ALAD). More precisely, the "true" 100α-th quantile minimizes (over q):
where 1(A) denotes the indicator function for the event A; and the "error" u t (α) is defined as |r t | -q.
As a result, it is natural to compare the (sample) mean ALAD (MALAD) of the quantiles implied by the models. More precisely, consider the MALAD: Table 4 with Table 3 , unsurprisingly, one can see that the smaller the MALAD, the larger the average log-likelihoods, across all markets and all periods, except for the pre-crisis HSI and the pre-crisis NIKKEI. Except for the in-sample HSI and for the pre-crisis S&P, whenever there is (are) significant difference in the quantile(s), there is significant difference in the log-likelihoods.
Alternatively, we consider the means of the normalized absolute return from the ARCH-like model: |r t |/σ t-1 . Results with σ t-1 replaced by 1 t − σ are reported in Table 5 . The classical z-test for equality of means are in brackets. From the table, we may conclude that the inferior performance of the ARCH-model may, at least partially, be due to the change in the means in the post-samples. 
CONCLUSION
Conventional measures of the risk of a financial asset make use of the unobserved (conditional) variance or standard deviation of its return. In this paper, we treat the observed absolute return as a measure of risk and explore its forecastability. Two simple models are considered. One is a new AR-like model which is applied to the absolute return. The other is an ARCH-like model called Asymmetric Power ARCH. The forecastability is evaluated with the average log-likelihood of absolute return, instead of that of return itself. While the absolute return is interpreted as "volatility", some quantities of its entire distribution, such as the 95-th quantiles, can be interpreted as "volatility of volatility". We apply both models to three stock indices, namely Hang Seng Index, Nikkei 225 Index and Standard and Poors 500 Index. The new model by and large outperforms the ARCH-like model in both in-sample goodness of fit and post-sample forecastability. It performs exceptionally well in the post-sample period after the outbreak of the Asian financial crisis.
Throughout the paper, we assume asymptotic normality of the t-statistics of the coefficients in estimating expectiles, the z-test and the non-nested LR-test for the equality in means of log-likelihoods. This may preclude the long-memory properties of the absolute return, as discussed in Section 4 of Granger and Ding (1995) . The results proved in Ho and Lin (1998) and the references therein may be found useful. On the other hand, for some expectiles, up to 10 lags are found significant. The non-parametric local polynomial estimation, which is in fact suggested in Yan and Tong (1996) , may not be applied to our case because of the curse of dimensionality.
Empirical studies on asset prices are overwhelmed by the forecastability of their returns and the main focus is on their standard errors or variance, which are shown to be successfully modelled by the celebrated class of ARCH models. While these model can be easily applied to studies on absolute returns, in this paper, we suggest a new model and there is evidence that it outperforms the former one. The new model is similar to an AR model, usually applied to the return rate (or the growth rate) instead of the absolute return. Further, we apply this AR-like model not only to the mean or median, but also to a number of expectiles or quantiles. Interpreting the absolute return as a measure of risk, we have not only a point forecast but also interval forecasts of risk, the latter of which may be interpreted as the risk of risk or volatility of volatility. Nevertheless, a usual aggregation argument first raised in Granger and Morris (1976) points to the deficiency of an AR model. In sum, our model may be improved with an ARMA-like model, which is a natural extension in our future work.
